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Abstract. We extend our recent work on set-theoretic solutions of the Yang- 
Baxter or braid relations with new results about their automorphism groups, 
strong twisted unions of solutions and multipermutation solutions. We in- 
troduce and study graphs of solutions and use our graphical methods for the 
computation of solutions of finite order and their automorphisms. Results 
include a detailed study of solutions of multipermutation level 2. 



1. Introduction 

It is well-known that certain matrix solutions of the braid or Yang-Baxter equations 
lead to braided categories, knot invariants, quantum groups and other important 
constructions, see |M02j for an introduction. However, these equations are also 
very interesting at the level of set maps r: XxX^XxX where X is a set and 
r is a bijection, a line of study proposed in [Dri[ I Wei] . Solutions extend linearly 
to very special linear solutions but also lead to a great deal of combinatorics and 
to algebras with very nice homological properties including those relating to the 
existence of noncommutative Groebner bases. We start with the definitions, using 
conventions from recent works |GI[ IGIM] . 

Definition 1.1. Let X be a nonempty set and let r : X x X — > Y x Y be a 
bijective map. We use notation (Y, r) and refer to it as a quadratic set. The image 
of (x, y) under r is presented as 

(1.1) rix,y)^Cy,xy). 

The formula (jl.ll) defines a "left action" C : X x X — > Y, and a "right action" 
7^ : Y X Y — > Y, on Y as: 

(1.2) c^{y)^''y, ny{x) = xy, 

for all x,y X. The map r is nondegenerate, if the maps TZ^ and Cx are bijective 
for each x € X. In this paper we shall always be interested in the case where r is 
nondegenerate, as will be indicated. As a notational tool, we shall often identify 
the sets Y x Y and Y^, the set of all monomials of length two in the free semigroup 
(Y). 
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Definition 1.2. (1) r is square-free if r{x,x) — {x,x) for all x & X. 

(2) r is a set-theoretic solution of the Yang-Baxter equation or, shortly a solu- 
tion (YBE) if the braid relation 

^12^23^12 ^ ^23^12^23 

holds in X X X X X, where the two bijective maps r"+^ : X^ — > X^, 
1 < i < 2 are defined as r^^ — r x Idx, and r^^ ~ Idx x r. In this case 
some authors also call (X, r) a braided set. If in addition r is involutive 
(X, r) is called a symmetric set. 

To each quadratic set {X, r) we associate canonical algebraic objects generated by 
X and with quadratic defining relations 5R = 5ft(r) defined by 

(1.3) xy ^ zt £ whenever r{x,y) = {z,t). 
Definition 1.3. Let {X,r) be a quadratic set. 

(i) The semigroup 

S = SiX,r) = {X;^ir)), 
with a set of generators X and a set of defining relations 5R(r), is called the semigroup 
associated with {X,r). 

(ii) The group G — G{X, r) associated with {X, r) is defined as 

G = G{X,r)=gr{X;^{r)). 

(iii) For arbitrary fixed field fc, the k-algehra associated with {X^r) is defined as 

(1.4) A{k,X,r) ^k{X)/{^{r)). 

If {X,r) is a solution, then S{X,r), resp. G{X,r), resp. A{k,X^r) is called the 
Yang-Baxter semigroup^ resp. the Yang-Baxter group, resp. the Yang-Baxter algebra 
associated to {X,r). 

Example 1.4. For arbitrary nonempty set X, the trivial solution (X, r) is defined 
as r{x,y) = {y,x), for all x,y d X. It is clear that {X,r) is the trivial solution iff 
^y — y, and x^ — x, for all x,y £ X, or equivalently Cx = idx = Ti-x for all x £ X. 
In this case S{X,r) is the free abelian monoid, G{X,r) is the free abelian group, 
A{k, X, r) the algebra of commutative polynomials in X. 

The algebras A{X, r) provided new classes of Noetherian rings |GI94l IGI96-1| , 
Gorentstein (Artin-Schelter regular) rings |GI96-2|[GI00llGI04| and so forth. Artin- 
Schelter regular rings were introduced in [ASj and are of particular interest. The 
algebras A{X, r) are similar in spirit to the quadratic algebras associated to linear 
solutions, particularly studied in [M], but have their own remarkable properties 
in the set theoretic case. The semigroups S{X, r) were studied particularly in 
[GIMj with a systematic theory of 'exponentiation' from the set to the semigroup 
by means of the 'actions' C^jT^x (which in the process become a matched pair of 
semigroup actions) somewhat in analogy with the Lie theoretic exponentiation in 
|M90j . Also in [GIMj are first results about construction of extensions of solutions 
that we shall take further. There are many other works on set-theoretic solutions 
and related structures, of which a relevant selection for the interested reader is 
[ESSl [GBl [GJOl [JOl [EYZ| E |T]. Of particular interest in the present paper, we 
define: 
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Definition 1.5. When {X, r) is nondegenerate, C : G{X, r) — > Sym(X) is a group 
homomorphism defined via the left action. We denote hy Q — G{X, r) the subgroup 
C{G{X,r)) of Sym(X). 

For example, Q{X, r) = {ic?x} in the case of the trivial solution. 

Remark 1.6. As is well known, see for example |GIM| . a quadratic set {X,r) is a 
braided set (i.e. r obeys the YBE) iff the following conditions hold 

11: ^(^'z) = '^^(^"2), rl: [xyf^ix'^'Y. 

Ir3: {^yf^^^^^ = ^^^'\yl, 
for all x,y,z G X. Clearly, conditions 11, respectively, rl imply that the group 
G{X, r) acts on the left, respectively on the right, on the set X. This is needed for 
the definition of Q {X, r) above to make sense. 

We also have some technical conditions and special cases of interest, particularly 
certain 'cyclicity' conditions. Systematic treatments were provided in [GlilGIlVP and 
we recall some essentials needed for the paper in the remainder of this introduction. 

Definition 1.7. |GIM| Given {X,r) we extend the actions ^» and on X to left 
and right actions on X x X as follows. For x,y,z ^ X we define: 

^(y, z) := (^y, ^"z), and (x, yY := {x'',y'). 

We say that r is respectively left and right invariant if 

12: r(-(2/,z))=-(r(y,z)), r2 : r{ix,yy-) ^ {r{x,y)r 

hold for all x,y, z ^ Z . 

Definition 1.8. |GIMj . A quadratic set {X,r) is called cyclic if the following 
conditions are satisfied 

cll : X = for all x,y E X; crl : x^^ = x^ , for all x,y & X; 

cl2 : "yx = yx, for all X, y e X; cr2 : xy" ^ xy for aU x, y G X. 

We refer to these conditions as cyclic conditions. 

Theorem 11.131 given below shows that every square-free solution (A", r) is cyclic, 
furthermore it satisfies condition Iri and is a left and a right cycle set, see the 
definitions below. 

Definition 1.9. |GIM| Let (A, r) be a quadratic set. We define the condition 
condition 

Iri: C^yY = J/ = "^(y"") for all x,y e X. 

In other words Iri holds if and only if (A, r) is nondegenerate and TZ^ = C^^ and 

Remark 1.10. By contrast with this involutiveness does not entail nondegener- 
acy. For example the identity solution {X,rx), with rx = idxxx is obviously 
involutive, but for each A of order > 2 it is not nondegenerate. 

Definition 1.11. jRl IGIM] Let (A, r) be nondegenerate. (A, r) is called a left 
cycle set if 

csl: = ('^)(*a;) for aU x, y, t £ X. 

The definition of a right cycle set is analogous, see [GIMj . 
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Proposition 1.12. [GIM|, Proposition 2.24] Let {X,r) be a quadratic set. Then 
any two of the following conditions imply the remaining third condition. 

(1) {X,r) is involutive. 

(2) {X,r) is nondegenerate and cyclic, see Definition \1.8[ 

(3) Iri holds. 

Theorem 1.13. [GIMl Tlieorem 2.34] Suppose {X,r) is nondegenerate, involutive 
and square-free quadratic set. Then the following conditions are equivalent: 

(1) {X,r) is a set-theoretic solution of the Yang-Baxter equation. 

(2) {X,r) satisfies 11. 

(3) {X,r) satisfies 12. 

(4) {X,r) satisfies rl. 

(5) {X,r) satisfies r2. 

(6) {X, r) satisfies lr3 

(7) {X,r) satisfies csl. 

In this case {X, r) is cyclic and satisfies Iri. 

Corollary 1.14. Every nondegenerate involutive square-free solution (X, r) is uniquely 
determined by the left action C : X x X — > X, more precisely, 

r{x,v)^{CM,C-\x)). 

Furthermore it is cyclic. 

2. HOMOMORPHISMS OF SOLUTIONS, AUTOMORPHISMS 

Definition 2.1. Let {X^rx) and (F, ry) be arbitrary solutions (braided sets). A 
map ip : X — > F is a homomorphism of solutions, if it satisfies the equality 

(93 X 93) o rx — ry o (if X if). 

A bijective homomorphism of solutions is called (as usual) an isomorphism of so- 
lution. An isomorphism of the solution {X, r) onto itself is an r- automorphism. 

We denote by Hom{{X,rx), {Y,rY)) the set of all homomorphisms of solutions 
ip : X — > Y. The group of r- automorphisms of {X, r) will be denoted by Aut(X, r). 
Clearly, Aut{X,r) is a subgroup of Sym{X). 

Remark 2.2. Let {X,rx), (F, ry) be finite symmetric sets with Iri. Every homo- 
morphism of solutions Lp : {X, rx) — » {Y, ry) induces canonically a homomorphism 
of their graphs (see Definition 15. ip : 

ipr :T{X,rx) ^TiY,ry). 

Furthermore there is a one-to one correspondence between Aut{X, r) and Aut{T{X, r)), 
the group of automorphisms of the multigraph T{X,r). 

The next lemma is straightforward from the definition. 
Lemma 2.3. Let (X,rx) and {Y,ry) be solutions. 

(1) A map ip : X > Y is a homomorphism of solutions iff; 

ip o Cx = C^(x) ° and tp o TZ^ — 'R-ip{x) ° for all x G X. 
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(2) If both {X,rx) and (F, ry) satisfy Iri, then ip is a homomorphism of solu- 
tions iff 

ipo Cx = C^(r,^ o for all X e X. 

(3) If {X,r) obeys Iri, then t G Syni{X) is an automorphism of (X,rx) iff 

(2.1) T o Cx ° = Ct(^x-^, for all X E X. 

For example, if {X^r) is the trivial solution then, clearly, Aut(X, r) — Sym{X). 
This is because each — idx- More generally, (12. ip clearly implies: 

Corollary 2.4. The group Axii{X,r) is a subgroup o/ Norgyf„(x)5(^i the nor- 
malizer of Q[X,r) in Sym(X). 

We now turn to two basic examples which will be used throughout the paper. The 
first is a solution (X, r) of order 6, with Q{X, r) C Aut{X^ r) for which Aut(X, r) C 
Norsym(x)(S)- We shall show in general in Section 4 that Q{X,r) is a subgroup of 
Aut(X, r) iff {X,r) is a multipermutation solution of level 2, see Theorem 1 5. 241 

Example 2.5. Let {X, r) be the nondegenerate involutive square-free solution with 

X = {xi,X2,X'i,Xi,b,c}, Cb^ {xiX2){X'iXi), Cc ^ {xiX's,)[x2Xi) 

and the remaining Cx^ = idx- Here and elsewhere we use Corolarv 11.141 Then 
Q{X,r) = (Cb) X (£c), so it is isomorphic to the Klein's group Z2 x Z2. Direct 
computations show that the set of automorphisms consists of the following eight 
elements; 

idx, n = {bc){x2X3), T2 = {bc){xiX2X4X3), 

T3 ^ {bc){xiX3X4X2), r4 = (&c)(xiX4), Cb, Cc, CbOCc- 

Furthermore, one has 

= 1, r2 = 1, TiT2rf ^ = t| = T3, n o r2 = Cc, T2 o n = Ti o t| = T4. 

It is easy to see that 

Aut{X, r) = gr{Tl,T2 I = 1, T2 1, TiT2T^^ = r|) w D4. 

Next we show that Aut{X,r) C Norgy^jx) (^/)- Consider a = {xiX3){x2X4){bc) G 
Sym(X). One has: 

(2.2) a o Cb o cr^^ = Cb, cr o Cc o (T~^ = Cc, 

so fj G Norgy„j(x)0- On the other hand a does not satisfy the necessary con- 
dition (j2.ip for being an automorphism, so Aut(A", r) is a proper subgroup of 
Norgyj„(x) (5)- The graph T{X, r) and its automorphism group is given on figure [1] 

The second example will contain the above solution {X, r) an r-invariant subset. 
(In fact (X, r) itself contains Xq = {xi, X2, X3, X4} as an r-invariant subset.) 

Definition 2.6. Let {Z,r) be a quadratic set, X C Z. X is r-invariant if 
r{X X X) C X X X. In this case we consider the restriction rx = r^xxx- Clearly, if 
{Z, r) obeys YBE then (X, rx) is also a solution, and inherits all "good" properties 
of {Z, r) like being non degenerate, involutive, square-free, satisfying Iri , the cyclic 
conditions, etc. 
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(a)(X,r) X={x^, XjXjXj^b, c) 
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Figure 1. (a) Graph of the solution of Example 12.51 and (b) its 
automorphism group. 



Lemma 2.7. Let {Z,r) be a nondegenerate solution, with Iri and a E Z. Suppose 
X is an r-invariant subset of Z and let rx be the restriction of r on X x X. Then 

1) r^ijf e Aut(X,rx) iff 

""x = for all x,y,EX. 
In particular, G Aut(Z, r) iff the displayed condition holds for all x.y Cz Z. 

2) Furthermore, suppose that r is involutive, then Ca\x G Aut(X, rjjf) iff 

""x = "x for all X, y, G X. 



Proof. Let a E Z. By (|2.ip Ca\x is an automorphism of {X,r) iff 
l^c,\x ° C.y= t^'-v ° l^a\x, for all y £ X 

or equivalently 

(2.3) "px) = "^("x), for all x,yEX 
By condition 11 on (Z, r) one has 

°pa;) = "^(""x), for aU x^yEX, 
which together with (|2.3p implies 

(2.4) °^("a;) = "^(""x), for aU x,yEX 

By the non degeneracy of {Z,r) p.4|l holds iff ""x = "x. This proves part (1) 
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Assume now that r is involutive. Then {Z, r) is a symmetric set so its retraction 
([Z],r[2]) is well defined, see Definition 13.11 By Lemma [3.41 ([Z]. rj^j) inherits Iri. 
We write (|2.3|) in the notation of retractions and obtain the implications 



For instance, we have seen that Cb^ Cc in our example above are automorphisms. 
For our next example they are joined by Ca = Ch° C,c- 

Example 2.8. Let (Z^rz) be the nondegenerate involutive square-free solution 
given by 

Z = {xi, X2,X3,X4, a, b,c}, La = (a;ia::4)(a;2a;3), Ch = (xyX2){xzX4), Cc = [xiX:i){x2Xi). 

(Z, rz) is an extension of the preceding solution [X, r) by the trivial solution on the 
one element set {a}. Furthermore, Ca = C-bO Cc-, so Q{Z^ rz) = G{X, r) w Z2 x Z2. 
More sophisticated arguments in Section 5 will show that the group Aut{Z,rz) is 
isomorphic to 6*4, the symmetric group on 4 elements. Furthermore, each automor- 
phism r G Aut{X,r) can be extended uniquely to an automorphism in Aut{Z,rz), 
by r(a) = a. These are the automorphisms denoted t^, Ca, Cb, Cc shown in FigureO 
The remaining automorphisms and the graph of the solution are also shown. 

We conclude the section with some straightforward generalities. 

Remark 2.9. Let {X, rx), {Y, ry) be solutions. By definition every homomorphism 
of solutions If : {X,rx) (F, ry) agrees with the defining relations ?fi{X,rx) and 
5R(y, ry) of the related algebraic objects, so it can be extended to 

(1) a semigroup homomorphism ips '■ S{X,rx) ^ S'(y, ry) of their Yang- 
Baxter semigroups; 

(2) a group homomorphism ipc : G{X,rx) G(F, ry) of their Yang-Baxter 
groups. 

(3) an algebra homomorphism ip^^ : A{k, X,rx) — > A{k,Y,rY) of their Yang- 
Baxter algebras. 

If furthermore, X is embedded in G{X, r) (respectively in S{X, r)), each r- automorphism 
T of the solution {X, r) can be extendeded to a group automorphism tg ■ G{X, r) 
G(X, r), (respectively, to a semigroup automorphism T5 : S{X,r) S{X,r). In 
this case, we have an embedding Aut{X,r) ^ Aut{G{X,r)), (respectively, an cm- 
bedding Aut(X,r) ^ A-at{S{X,r)). 



In this section we shall consider only nondegenerate symmetric sets {X, r) . 

Definition 3.1. [ESS], 3.2. Let {X,r) be a nondegenerate symmetric set. An 
equivalence relation ~ is defined on X as 

X iff Cx = Cy. 




These equations together with part (1) imply part (2) of the lemma. 



□ 



3. MULTIPERMUTATION SOLUTIONS 



In this case we also have TZ^ = TZy, see |ESSj . 
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(a) Z=Xtl|a)={Xj ,X2,X3,X4,a,b,c} 




Figure 2. (a) Graph of the sohition of Example 12.81 and (b) its 
automorphism group. 



We denote by [x] the equivalence class oix ^ X, [X] = X/r^ is the set of equivalence 
classes. 
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It is shown in [ESSj that the solution r induces a canonical map 

r[x] : [X] X [X] [X] x [X], 

which makes ([X],r[jf]) a nondegenerate symmetric set, called the retraction of 
iX,r), and denoted Ret{X,r). 

For our purposes we need concrete expressions of the left and the right actions on 
[X] canonically induced by the left and right actions on X. 

Definition 3.2. Let {X,r) be a nondegenerate symmetric set. Then the left and 
the right actions of X onto itself induce naturally left and right actions on the 
retraction [X], via 

(3.1) ["x] [ap := [a^], for all a, a: G X. 



Note that in the following there is no need to assume Iri, since Cx — Cy iff TZx — Ti-y- 

Lemma 3.3. Suppose {X,r) is a nondegenerate symmetric set. Then the left and 
the right actions i3.1\) are well defined. 



Proof. We need to show that I"! [x] does not depend on the representatives of [a] 
and [x]. It will be enough to show that 

Cy^Cx=^ ["y] = ["x], for aU a e X. 

So fix a, a; £ X, and assume y G [x]. Let z X. We have to verify: 

(3.2) = 

By hypothesis {X, r) is nondegenerate, so there exists a. t G X, with 

(3.3) z^""^^"''^ 

(The right hand side equality comes from Cy = Cx, which implies = a^). Then 
we have 

□ 

Lemma 3.4. Suppose {X,r) is a nondegenerate symmetric set. Then 

(1) The left and the right actions Ii3.1\) define (as usual ) a canonical map 

r^x] ■■ [X] X [X] [X] X [XI 

which makes {[X],ri^x]) o- nondegenerate symmetric set. 

(2) {X,r) cyclic => {[X],r^x]) cyclic. 

(3) {X,r) *slri=»([X],r[x])zslri. 

(4) {X,r) square-free =^ {[X],r\^x]) square-free. 



Proof. It is easy to see that the left and the right actions p.ip on [X] inherit 
conditions 11, rl, lr3. Therefore r[x] obeys YBE. The implication in ([3]) follows 
easily from (|3.ip . We leave conditions ([2]), ([4]) (and so forth) to the reader. □ 
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Definition 3.5. [ESSJ. The solution {[X], [r]) is called retraction of {X,r) and is 
also denoted Ret{X,r). For all integers m > 1 Ret™{X,r) is defined recursively as 
Ref"{X,r) = Ret{Ret"''~^{X,r)). A nondegenerate symmetric set {X,r) is a mul- 
tipermutation solution of level m if m is the minimal number such that Ret"^{X, r) 
is finite of order 1, this will be denoted by mpl{X, r) — m. By definition (X, r) is a 
multipermutation solution of level iff X is a one element set. 

Example 3.6. An involutive permutation solution (X, r) is defined [Drij (attrib- 
uted to Lyubashenko) as 

where ct is a fixed permutation in Sym{X). In this case {X,r) is a nondegenerate 
symmetric set with Iri. Clearly, Cx — cr, for all x € X, thus Ret{X, r) is a one 
element set and mpl{X,r) = 1. The converse also holds |ESS| . so mpl{X,r) = 1 iff 
{X, r) is a permutation solution. 

In particular, the trivial solution (X, r) with X of order > 2 has mpl{X,r) — 1. 

Remark 3.7. Let {X,r) be a nondegenerate symmetric set. Then there is a sur- 
jective homomorphism of solutions 

^i:{X,r)^{[X],[r]); ^l{x) ^ [x], 

Each finite symmetric set {X, r) with Iri has a well defined oriented graph r(X, rx), 
see [GIMj and l5.ll In this case /i induces a homomorphism of graphs 

^i^■■r{X,rx)^T{[X],r[x]) 
The graph r([X], r^x]) is a retraction of T{X, rx)- 

The following is straightforward from Definition 13.51 

Lemma 3.8. Suppose {X,r) is a multipermutation solution. The following impli- 
cations hold. 

mpl(X, r) — m =^ mpl{Ret^ [X , r)) = m — k, for all 1 < fc < m — 1. 
Conversely, if k > is an integer, then 

mpl{Ret^{X, r)) = s =^ mpl{X, r) ^ s + k. 

Lemma 3.9. Let (X, r) be a nondegenerate square-free symmetric set. Then [x] — 
[y],x,y e X =^ r{x, y) = {y, x). 

Proof. Indeed, [x] — [y] implies ^x = '^x = x, from which by Iri, one has x^ = x 
and by an analogous argument with x, y swapped one has — y. □ 

Corollary 3.10. Suppose {X,r) is a nondegenerate square-free symmetric set (of 
order >2). Then the following conditions are equivalent. 

(1) mpl{X,r) = 1. 

(2) {X, r) is the trivial solution. 

(3) = y, for all x,y e X. 

(4) S{X,r) is the free abelian monoid generated by X. 

(5) G{X,r) is the free abelian group generated by X. 

(6) giX,r)={idx}. 
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The kth retract orbit of an element was introduced first in the case of square- free 
solutions, see [Glj . 

Definition 3.11. |GI| Let {X,r) be a nondegenerate symmetric set. We denote 
by [x]k the image of x in Ret^{X,r). The set 

0{x,k) ■.= {^eX\[^]k^[x]u] 
is called the kth retract orbit of x. 

Suppose X is an r-invariant subset of the solution {Z,r), and x £ X. Then [xj^^x 
will denote the fc-th retract of a; in X. 

Remark 3.12. cf. |GI[ Lemma 8.9] Let (X, r) be a square-free symmetric set. For 
every positive integer k < mpl{X,r) the fcth retract orbit 0{x,k) is r-invariant. 
Furthermore if we denote by r^^k the corresponding restriction of r, then {0{x, fc), r^^k 
is a multipermutation solution and 

(3.4) mpliOix,k),r^^k) <k. 

In [Glj (|3.4p is actually written as an equality, but this should be corrected as the 
following example shows. 

Example 3.13. Let X = {xi, • • • , Xk, y}, and r be defined via the actions Cy — 
(xi • ■ • Xk),Cx, = idx- Then 0{xi,l) = {xi, ■ • ■ , Xk}, 0(y, 1) = {y}. Clearly, [X] - 
{[xi], [y]} is the trivial solution, somplX = 2. Note that mplO{y, 1) = 0, mpl{0{xi, 1 
1. 

4. Strong twisted unions of solutions 

In this section we study special extensions of solutions called strong twisted unions. 
We recall first some basic facts and definitions. 

The notion of a union of solutions and one-sided extensions were introduced in 
[ESSj . but only for nondegenerate involutive solutions {X,rx), (F, ry). In jGIM] 
are introduced and studied more general extensions {Z, r) of arbitrary solutions 
{X, rx), (Y, ry), and given necessary and sufficient conditions (in terms of left and 
right actions) so that a regular extension {Z, r) satisfies YBE. 

Definition 4.1. |GIM| Let {X,rx) and (F, ry) be disjoint quadratic sets (i.e. with 
bijective maps rx ■ X x X — > X x X, ry -Y xY — > Y xY). Let (Z, r) be a set 
with a bijection r : Z x Z — > Z x Z. We say that {Z,r) is a (general) extension 
of {X,rx), {Y,ry), if Z = X IJ F as sets, and r extends the maps rx and ry, i.e. 
r|x2 ~ rx, and r\y2 — ry. Clearly in this case X,Y are r-invariant subsets of Z. 
{Z,r) is a YB-extension of {X,rx), {Y,ry) if r obeys YBE. 

Remark 4.2. In the assumption of the above definition, suppose {Z,r) is a non- 
degenerate extension of {X,rx), {Y,ry), (without any further restrictions on the 
solutions). Then the equalities r{x,y) — (^y, x^), r{y,x) — {yx,y^), and the non- 
degeneracy oi r, rx, ry imply that 

^x, x^ e X, ^y, G Y, for all xeX,ye Y. 

Therefore, r induces bijective maps 

(4.1) p:Y X X — > X xY, a : X x Y — >Y x X, 
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and left and right "actions" 

(4.2) (^.iFxX — >X, •^'^■.YxX — > y, projected from p 

(4.3) > : X xY — > Y, <\ : X x Y — > X, projected from a. 

Clearly, the 4-tuple of maps {rx, ry, p, c) uniquely determine the extension r. The 
map r is also uniquely determined by rx, ry, and the maps (|4.2[) . (j4.3p . 

In the present paper we restrict our attention to particular extensions called strong 
twisted unions, also introduced in [GIMj . However, in the present paper we prefer 
to avoid the most general form of this and focus on the case where the extension is 
nondegenerate as in the remark above, and involutive. 

Definition 4.3. [GIMj In the notation of Remark 14.21 a nondegenerate involutive 
extension {Z,r) is a strong twisted union of the quadratic sets {X,rx) and {Y,ry) 
if 

(1) The assignment a — > extends to a left action of the associated group 
G{Y, ry) (and the associated semigroup S{Y, ry)) on X, and the assignment 
X — > extends to a right action of the associated group of G{X, rx) (and 
the associated semigroup S{X,rx)) on Y; 

(2) The pair of ground actions satisfy 

stu : °'''x = "x; a^ = OL^, for all x, y G X, a, /? G y 

We shall use notation (Z, r) — (X,rx)^^,ry) (or shortly, (Z, r) — X\\X) for a 
strong twisted union. A strong twisted union {Z,r') of (X, rx) and (y, ry) is non- 
trivial if at least one of the actions in |T]) is nontrivial. In the case when both actions 
^ are trivial we write (Z, ?-) = X\\qY). In this case one has r(a;, a) = (a, a;) for all 
a; G X, a e y. 

The following example is extracted from |ESS[ Definition 3.3, Proposition 3.9], 

Example 4.4. Let (X, rx), (y, J'y) be nondegenerate symmetric sets and a G 
Aut{X,r\ p G Aut{Y,r). Define the nondegenerate involutive extension {Z,r) via 
rx , ry and the formulae 

r{a, x) = {cr{x), p^^{a)), r{x, a) = {p{a), a^'^ (x)). 

This is, moreover, a symmetric set (obeys the YBE) and is called a twisted union 
in [ess]. We denote it {Z,r) = X[\oY as a special case of a strong twisted union. 
Note that 

^x\z = C,x\x-P: l^a\z = C,a\Y-<7, for 'a\\ X ^ X , a ^ Y 
from which it is clear that {Z,r) is nondegenerate as {X,rx) and (y, ry) are. 

Clearly a trivial extension {Z,r) of {X,rx), (^, fy) is a particular case of twisted 
union. Another easy example is: 

Example 4.5. Let {X,r) be a nondegenerate symmetric set and Y = {a} a one 
element set with trivial solution. A strong twisted union (in fact any regular exten- 
sion) of these that obeys the YBE is necessarily a twisted union Z ~ X^iyY given 
by Ca G Aut{X,r) and idy. This will be clear from Proposition 14. 101 below. Our 
previous Example 12.81 is of this form. 
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The following lemma is straightforward. 

Lemma 4.6. Suppose (Z, r) — X\]oY, is a solution and mpl{X, rx) < oo, mpl(Y, ry) < 
oo. Then mpl{Z,r) = max{mpl{X,rx), mpl{Y,rY)}- 

In |ESS[ Definition 3.3] the notion of a generalized twisted union (Z, r) of the 
solutions {X,rx) and (Y^ry), is introduced in the class of symmetric sets. 

Definition 4.7. A symmetric set (Z, r) is a generalized twisted union of the disjoint 
symmetric sets {X, rx), and {Y, ry) if it is an extension, and for every x & X, a Y 
the ground action • : Y x X — > X does not depend on x, and the ground action 
• ^ -.Y X X — > Y docs not depend on a. 

Remark 4.8. Note that a strong twisted union {Z,r) of {X,rx) and {Y,ry) does 
not necessarily obey YBE, in contrast with twisted unions and generalized twisted 
unions. It follows straightforwardly from Definition 14. 71 that a strong twisted union 
{Z, r) which is symmetric set is a generalized twisted union of {X, rx) and (Y, ry). 

Furthermore, it is shown in GI, Proposition 8.3] that an YB-extension {Z, r) of 
two involutive square- free solutions (X, rx), {Y,ry) is a generalized twisted union 
iff it is a strong twisted union. Proposition 14.91 now generalizes this result for 
arbitrary symmetric sets with Iri, without necessarily assuming that the solutions 
are square-free. 

Proposition 4.9. Suppose the symmetric set {Z,r) has Iri and is an extension of 
the solutions {X,rx), {Y,ry). Then {Z,r) is a generalized twisted union iff it is a 
strong twisted union. 

Proof. By hypothesis {Z, r) is an involutive solution with Iri, thus Proposition ll.121 
implies that {Z, r) also satisfies the cyclic conditions, see Definition 11.81 Assume 
(Z, r) is a generalized twisted union. Then by Definition 14 . 71 for every x G X, a G Y 
the ground action " • : Y x X — > X does not depend on x, and the ground 
action • ^ : Y x X — > Y does not depend on a. It follows then that for all 
x,y £ X,a, f3 £ Y there are equalities: 

""y = ""y='=ii and /3°^ 

We have shown that conditions stu are satisfied, it follows then that {Z, r) = 
{X,rx)\\(Y,ry). The converse implication is straightforward, see Remark l4.8l □ 

Let Ext^ {X, Y) denote the set of strong twisted unions which obey the YBE 
Proposition 4.10. 

(1) A .strong twisted union of solutions {Z,r) = (X,rx)\\{Y,ry) obeys YBE iff 
(a) The assignment a — > extends to a a group homomorphism 

ip : G{Y, ry) — > Aut{X, r); and 
(h) The assignment x — > extends to a a group homomorphism 
^ : G{X,rx) — > Aut{Y,r). 

In this case the pair of group homomorphisms {(p, ip) is uniquely deter- 
mined by the pair of the ground actions, or equivalently by r. 
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(2) Furthermore, there is a one-to-one correspondence between the sets Ext\X, Y) 
and Hom{G{Y,rY),Aut{X,rx)) x Hom{G{X,rx), Aut{Y,rY)) using (1). 

Proof. We use jGIMi Theorem 4.9] which breaks down the condition for any regular 
extension {Z, r) (of which a strong twisted union is an example) to obey the YBE 
into explicit conditions mll,ml2,mrl,mr2. Particularly, as equalities \n X y. X 

ml2 : "r(a;, = r("(a;, y)) for all y G X, a G 

(the condition mr2 similar but for the right action and the roles of X, Y swapped.) 
We can interpret this condition by computing both sides as 

'^rix.y) = "(^j/,a;'') = ("^y, (:r^)) - ("(^y), "(x^)) - x Uor{x,y) 

and 

r{^{x, y)) = r("x, "^y) = r("x, "y) = r o (£„ x C^){x, y). 
using our assumption stu. Thus the condition has the meaning 

Ca X Ca O r — r O [Ca X Ca) 

that is Ca^x G Aut{X,r), for every a G 1^ as in part (a). Similarly for mr2 as in 
part (b). By definition every strong twisted union obeys mil, mrl so the above are 
the only conditions for {Z,r) obeys YBE. Note that this proof works for general 
strong twisted unions as defined in |GIMj not only the nondegenerate involutive 
case in Definition 14. 3[ as long as the same definition is used for Ext^ . □ 

Lemma 4.11. Let {Z,r) be a strong twisted union of{X,rx) and (Y,ry) which is 
a symmetric set with Iri. Then the retraction ([Z],r[z]) strong twisted union 
of the retractions {[X],r[x]) <^^d {[Y],riY])- 

Proof. By hypothesis Z is a disjoint union of X, Y thus [Z] is a disjoint union of 
[X] , [Y] . It follows from Lemma 13.41 and conditions stu on Z that 

This gives the left hand side part of stu, which together with Iri implies the right 
hand side of stu. In view of Proposition |4]9] this could be said equally well in terms 
of generalised twisted unions; the present version can also be applied to general 
twisted unions obeying the YBE with Iri provided the retracts make sense. □ 

In the following example the strong twisted union Z = X\\Y satisfies mplZ = 
max(mplX, mplY). 

Example 4.12. Let Z = X[JY, where {X,rx), (y, ry), are the nondegenerate 
involutive square-free solutions defined by follows. X = {x,y,z}, Y = {a,/?, 7}, 
with 

^x\X = (yz), ^y\X = ^z\X = idx, Ca\Y = if3j), Cf3\Y = L^\Y = idY . 

It is easy to see that mplX = mplY = 2. Define 

^x\Y = iPl), ^y\Y = ^z\Y = idy, Ca\X = ivz), Cp\x = -C^IX = idx. 
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and extend these to Z (necessarily for any regular extension) by Lz — C,z\xI^z\y 
where the restricted parts are considered to act trivially on the rest. So we have 
actions on Z : 

Cx = {yz){l3j), Cy = Cz = Cp ^ = idz, 

which define a nondegenerate involutive square-free solution {Z,r). It is a strong 
twisted union of {X,rx), and (F, ry). Clearly, [x] — [a], [y] = [z] = [f3] — [7], thus 
[Z] = {[x], [y]} is a two element set, and {[Z], [r]) is the trivial solution. This gives 
mplZ = 2 = mplX — mplY. 

However, {Z, r) can also be looked at as a strong twisted union of the trivial solu- 
tions Xq ~ {x, a}, Yq — {y, z, (3, 7} with 

^x\Ya = -Cairo = {Vz){Pl)\ ^y\Xo = ^z\Yo = ^fl\Xo = -^71^0 = ^'^Xo • 

This way we have again Z = Xq[]Yo, but 

mpl{Z,r) = mpllXo) + 1 = mpl(Yo) + 1. 

Remark 4.13. Theorem 15.241 in the next section shows that in the case when 
mpl{Z,r) ~ 2, Z can always be presented as a strong twisted union of a finite 
number of solutions Xi,l < i > s where mpl{Xi), < 1, and there exists an i, 
such that mpl{Xi) > 1. The case ■mpl{Z,r) > 3 is more complicated. We show 
in Proposition 15.271 that every solution {Z,r) with mpl{Z,r) = 3 splits into r- 
invariant components Xi, 1 < i > s, where Xi = V{Ti), mplXi < 2, and for each 
pair 1 < i < s, the subset Xij — XiyjXj is r-invariant and has presentation 
as Xij — Xi\\Xj. However, in order to understand the nature of solutions with 
higher multipermutation level and for their classification we should understand 
under what conditions t] associates or what replaces this. We believe that it is 
always possible to present [Z^ r) as a strong twisted union of components of strictly 
smaller multipermutation level. 

We now give two more examples of strong twisted unions of solutions. In the first 
we have a strong twisted union Z = X\]Y, with mplX — 2, mplY — 1 and mplZ = 3. 
Z is also split as a strong twisted union of three r-invariant components, each of 
multipermutation level 1, and the "associative law" holds. The second example, see 
Example 14. 151 gives a solution {Z,r) as an extension (but not necessarily a strong 
twisted union) of two r-invariant subsets. It illustrates Remark |4. 131 with respect 
to [\ not being nonassociativite in general. 

Example 4.14. Let {X,rx) be the nondegenerate involutive square- free solution 
defined by X ~ {a,b,c,xi,X2,yi,y2, zi, Z2\ and left action: 

(4.4) Ca\x = Cb\x = Cc\x = {xiX2){yiy2){ziZ2), 

and C^^\x = C,y,\x = l^z,\x = «c?x for i = 1, 2. 

Let (F, ry) be the trivial solution on the set Y = {a, /?}. We extend the left actions 
on Z = X\JY as 

Ca^ Cj3 = {abc){xiyiZiX2y2Z2), 

l^a\Y = ^^b\Y = ^c\Y = i^x^\Y = ^yi\Y = ^Zi\Y = ^dy , i = 1, 2. 

This defines a left action of Z which we verify defines {Z, r) as a nondegenerate 
involutive square- free solution. Clearly, mplY = 1, and it is easy to see that 
mpl{X,rx) — 2. We leave the reader to verify that mpl{Z,r) — 3. 
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Figure 3. Graph of Example 14.141 of a strong twisted union 



The graph T(X,rx) has three nontrivial components and three one vertex compo- 
nents, as shown in Figure [3] part (b). Consider the presentation of X = Xi IJ X2, 
where Xi = {xi,X2, yi,y2,zi,Z2\, X2 — {a, 6, c}. Both are r- invariant sets and the 
restrictions ri — r^x^-xx-^^ ^2 = ''iXsxXa; ^ire the trivial solutions as shown along 
with Y in part (a) of the figure. Moreover, the actions given by (|4.4[) make X a 
strong twisted union X = Xi\]X2. This way we have 

Z = {XM2W = Xi\]{X2\]Y) = X2\]{Xi^Y) 

mplXi — ■mplX2 = mplY — 1, mpl{Z) — 3. 
The graph T(Z, r) is shown in part (c) of the figure. 

Example 4.15. Let X^ = {a} be the one element solution {r^ — idx^xXs), and 
let {Xi,ri), {X2,r2) be the trivial solutions on the sets 

Xi = {xi,X2,X3,X4,X5,xe,xr,xs}, X2 = {a,b,c} 

as depicted in Figure 2] (a). Consider the strong twisted union (X, rp) = Xi\\X2 
with ro defined by the left actions 

Cb = {xiX2){x3X4){x5Xe){xrxs), Cc = {xiX5){x2Xe){x3X7){x4Xs) 

and the condition Iri. As usual, in this way we find a nondegenerate involutive 
square-free solution, as depicted in part (b). It is easy to see that i?et(X, rp) is the 
trivial solution on the set [X] — {[xi], [b], [c]}, therefore mpl{X,ro) ~ 2. 

Consider now the set Z ~ X[J X^. Let 

= (bc){xiXi){x2X3){x5Xs){X(iXr). 

We leave the reader to verify that Ca £ Aut{X,ro). Next we define the extension 
{Z, r) = X\\X3, with r defined via £a, the condition Iri that we are extending ro, r^. 
Clearly, {Z,r) is nondegenerate involutive square-free solution and mpl{Z,r) — 3. 
This way we have a presentation which we denote Z = {Xi\\X2)\\X3 = {X2[\Xi)\\X3 
as in part (c). 
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Figure 4. Graph of Example l4.15l 

Consider now the set Y ~ Xi[jXs, which is an r-invariant subset of {Z,r). Let 
ry = r^YxYi then {Y, ry) = Xi[\X3, (ry can be defined also via the action Ca\Xi = 
(xiX4){x2X3){x^xs){xeXr))- One has mpl{Y,ry) = 2. Clearly {Z,r) as an extension 
of {Y, ry) and {X2, ^2). However, this extension is not a strong twisted union, since 
neither C\, nor Cc is in Aut{Y, ry). Or equivalently, a direct verification shows that 
the pair Y, X^ does not satisfy condition stu, since 

^ xi = "xi = a;5 7^ X2. 

Thus, while one also has Z = Xi\\{X-i\\X2) by similar computations, the parentheses 
do not exactly associate with tj; we have shown that (Z, r) is a YB-extension of the 
nondegenerate square- free involutive solutions Y — Xi'^X^ and X2 as desired but 
this extension is not a strong twisted union. 

Theorem 4.16. Let [X, rx) and (Y, ry), be square-free multipermutation solutions, 
with mplX — m, mplY = k. Suppose {Z,r) = X\]Y is a nondegenerate symmetric 
set. Then 

(4.5) mpl{Z, r) < max{m, k} + 1. 

Proof. Without loss of generality we can assume k < ni. We shall prove (|4.5p by 
induction on m. For the base for the induction, m = 1, we have to show that 
mpl{Z,r) < 2, which by Lemma 14.51 is equivalent to mpl(Ret{Z,r)) — 1. By hy- 
pothesis stu holds on Z, so 

"\ ^ "x, "'°/3 = ^/3, for every x,y £X, a,(3 &Y, 

or equivalently, 

(4.6) Cay\x = i^a\x = t^ya\x', t^x"\Y = l^x\Y = '^°^x\Yi for all X , y <^ X , a, [3 ^ Y. 
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By Corollary 13.101 mplX = 1 implies Cx\x ~ idx- As a set Z is a disjoint union 
Z = X[JY, hence the following equalities hold. 



Now from (14. 6p . (|4.7p . and (|4.8|) we deduce the equalities 

(4.9) = -C^i^ = /:y„|2; C^^iz ^ ^x\z = ^"xiz, all x,y e X,a, /3 e Y. 

This, together with Corollary 13 . 1 01 imply that either i) Ret(Z, r) is a triyial solution 
of order > 2, hence mpl{Z,r) = 2; or ii) Ret{Z,r) is one element solution so 
mpl{Z,r) = 1. We have yerified (14. 5p for m — 1. Assume now (|4.5p holds for 
all m < mg. Suppose mplX = mo + 1, thus by Lemma [4.5i mpl{[X],r]^x]) = "^-o- 
Clearly, mp^([y], rjyj) = mpZ(F,ry) — 1 < mp. By Lemma l4.1 li the retract ([Z],r[2]) 
is a strong twisted union ([.Z],r[2]) = hence by the inductiye assumption 

one has mpl ( [Z] , rj^j ) < too + 1 ■ This and the equality mpl(Z, r) — mpl ( [Z] , r^z] ) + 1 
implies mpl{Z, r) < niQ + 2. It follows then that (|4.5p holds for all m, m > 1, which 
proves the theorem. □ 

The following lemma is straightforward. 

Lemma 4.17. Let (Xi, ri), (X2, r'2) be disjoint solutions with mpl(Xi,ri) = mi, 
mpl(X2,r2) = m2, let m = max{mi,'m2}. Suppose {Z,r) = Xi\]X2 is a symmetric 
set. Then mplZ = m + 1 iff for some z, 1 < i < 2 with rui = m there are x G X^, 
and a G Z\Xi such that the orbit 0'"~^(a;) does not contain "x. 

Lemma [4.17l has a clear interpretation in terms of the graphs T(Xi, ri),i ~ 1, 2, T{Z, r), 
see Definitions 15.11 lOl In the case discussed by the lemma, Ca\Xi acts as an auto- 
morphism of {Xi,ri) which maps the connected component of T(Xi,ri) onto a 
different isomorphic component Ta^ of T(Xi, ri). Clearly this is possible only in the 
case when T(Xi,ri) has at least two connected components which are isomorphic 
as graphs. The last is a necessary but not a sufficient condition. 



Each finite involutive solution [X, r) with Iri can be represented geometrically by 
its graph of the left action T(X,r). It is an oriented labeled multi-graph (although 
we refer to it as a graph). It was introduced in [GIOO] for square- free solutions, see 
also jGIMj . Here we recall the definition. 

Definition 5.1. |GIM| Let {X,r) be a finite symmetric set with Iri, we define the 
(complete) graph F = r{X, r) as follows. It is an oriented graph, which reflects 
the left action of G{X,r) on X. The set of vertices of F is exactly X. There is a 
labeled arrow x-^y, if x,y,a £ X and = y. An edge x-^y, with x ^ y is called 
a nontrivial edge. We will often consider the simplified graph in which to avoid 
clutter we typically omit self-loops unless needed for clarity or contrast. Also for 
the same reason, we use the line type to indicate when the same type of element 
acts, rather than labeling every arrow. Clearly, x < ° > y indicates that '^x = y and 
""y = X. (One can make such graphs for arbitrary solutions but then it should be 
indicated which action is considered). 




^x\Z = ^x\X ° ^x\Y — idx ° Cx\Y = ^x\Y, G X. 



J^a\z = ^a\x, Va e r. 



5. Graphs of symmetric sets with Iri 
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Note that two solutions are isomorphic if and only if their (complete) oriented 
graphs are isomorphic. Various properties of a solution {X, r) are reflected in the 
properties of its graph T{X, r), see for example the remark below, Proposition [^21 
Theorem [S^H 

Remark 5.2. Let {Z,r) be a symmetric set with Iri, F = r{Z,r). 

(1) {Z, r) is a square-free solution ijf T does not contain a nontrivial edge 
x^y,x / y. 

(2) In this case, {Z,r) is a trivial solution, or equivalently, mpl{Z,r) = I iff T 
does not contain nontrivial edges x-^y, x ^ y . 

By Proposition 11.121 our assumptions that {X,r) is a symmetric set with Iri imply 
the cyclic conditions (without necessarily assuming {X,r) square- free) . We will 
need the assumption {X, r) square-free any time when we claim = x, for every 
X G X. Examples of graphs of square-free solutions were already given in Section 
2, see Examples 12.51 and 12.81 as well as in Section 4. 

We will find now various properties of F = T{X, r). 

Notation 5.3. Suppose Fq is a subgraph of F. Denote by V(Fo) the set of all 
vertices of Fq. £(Fo) denotes the set of all labels of (nontrivial) edges that occur in 
Fo, i.e. 

^^(ro) = {a e X I 3 an edge x-^y C Fq, x ^ y}. 
Clearly, each x G X determines uniquely a connected component of F which con- 
tains a; as a vertex, we shall denote it by F^.. 

Let a,x E X. Suppose x. Then the orbit of x under the left action of the cyclic 
group gr{a) (or equivalently under the action of Ca) on X is a cycle {xiX2 ■ ■ ■ Xm) 
of length m > 2 in the symmetric group Sym{X), where for symmetry we set 
xi — X. One has "x^ = x^+i, 1 < i < m — 1, "x™ = xi,. This cycle participates in 
the presentation of the permutation Ca G Sy'm{X) as a product of disjoint cycles. 
Clearly, X2 • • • x„i e F^,. 

Notation 5.4. For x, a as above we use notation — {xi ■ ■ ■ x,„) — , I < i < 
m. 

Conventions 5.5. Till the end of the section we shall consider only finite square- 
free nondegenerate symmetric sets (X, r). We recall from Theorem 11.131 that such 
solutions satisfy both Iri and the cyclic conditions. In particular, one has 

(5-1) ^fa"^) ^ = ^{'=a)- 

Moreover, it is known that for each such square-free solution {X,r) with 1 < |X| < 
oo, its YB group G{X,r) acts nontransitively on X, see |GH iRj. and therefore the 
graph F(X, r) has at least two connected components. 

Proposition 5.6. Let {X, r) be a finite nondegenerate involutive square-free so- 
lution, G = G{X,r), be its YB group, and F — T{X,r) be its graph. Suppose 
Fi,F2, • ■ ■ ,Ts is the set of all connected components, with sets of vertices, respec- 
tively, X, = V(Fj), 1 < i < s. 

(1) Each set Xi,l < i < s, is precisely an orbit of the left action of the group 
G on X. 
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(2) Xi is r-invariant, so {Xi,ri), with ri = r^Xi-KXi, is a nondegenerate involu- 
tive square-free solution. Its graph T{Xi,ri) is the subgraph ofTi obtained 
by erasing the edges labeled with elements a G £{Ti)\Xi. 

(3) Furthermore, ij mpl{X,r) — m, then mpl{Xi,ri) < m — 1, for each i,l < 
i < s. More precisely, in this case, x e Xi implies Xi C 0{x,m — 1). 

Proof. Sketch of the proof. Condition (1) foUows straightforwardly from the defi- 
nition of the graph r{X,r). The definition of r{X,r) also implies that the set of 
vertices Xi of each connected component is invariant under the left action. By Iri it 
is also invariant with respect to the right action, and therefore it is r-invariant. We 
shall prove (3). By[3l]one has ■mpl{Ret"'-^{X,r)) = 1. Ref^-^{X,r) inherits the 
property of being square-free, so by Lemma r3.101 Ret™~^ {X , r) is a trivial solution. 
In terms of the left action this is equivalent to 

yx^O{x,m-l) for aU x,y e X. 

It follows then that the orbit of x, Xi = Og{x) is contained in the (m — l)st retract 
orbit 0{x, m — 1), and Remark 13.121 implies mpl{Xi) < m ~ 1. □ 

Definition 5.7. Let a G X, and let Fi be a connected component of F. We shall 
use notation Ca\r^ for the restriction of the action Ca on the set of vertices V(Fi). 
We say that the (left) actions of a and b commute on Fi if the following equalities 
hold: 

(5-2) £(bQ-||ri = £a|ri: •^(''f))|ri = -^fiiri ■ 

In this case we also say that each two edges of Fi labeled by a and b commute. 

The graph r{X,r) and the combinatorial properties of the solution {X,r) can be 
used as a "mini-computer" to deduce missing relation of {X,r). For example, see 
the proofs of Lemmas I5.8[ 15. Hi 15.131 and Example 15.91 

The following straightforward lemma describes the "cells" from which we build 
r{X, r) in the general case of {X, r) with Iri. 

Lemma 5.8. Let {X, r) be a symmetric set with Iri. 

(1) For each xi, a,b ^ X, a ^ b, there exists a uniquely determined subgraph Fq 
ofT: 

(5.3) xi—^X2 , 

6 "b 

X3 s- X4 

''a 

where the vertices xi, X2, x^, x^ G X are not necessarily pairwise distinct. 

(2) Given a,b, each vertex Xi, of Tg in i5.3\) determines the remaining three 
verteces Xj,l < j < 4, j 7^ i. 

(3) In the notation of (1) let be the connected component which contains 
xi as a vertex. Suppose that the left actions of a and b commute on Tx-^ , 
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Figure 5. Diagram for Example 15.9 



see Definition \5. 7| T/ien f/ie subgraph Tq has the shape 
(5.4) xi ^-^a;2 , 



0:13 



■ 2:4 



and the following implications hold: 



(5.5) 



Xi ^ X3 



X3 7^ 2:4 
X2 ^ X4. 



Proof. (1) is clear. Note that given ^, a e X there exists unique x & X, such that 
"■X = Indeed, by Iri, x = One uses this and Iri again to deduce (2). Now we 
prove the first implication of (3). It follows from the diagram ()5.4p that one has 



X3 



xi,Xi — X2 = X2, so by Iri X3 = xi, X4 = X2- Clearly this implies 



Xl — X2 <S=> 2^3 = X4- 

Analogous argument proves the second implication. 



□ 



Note that the diagram (|5.3[) is just a formal graphic expression of condition 11, so 
it always presents a subgraph of T{X,r), although in the case when some vertices 
coincide it is deformed to a segment or to a single vertex with loops. It is conve- 
nient (and mathematically correct) for computational purposes to use sometimes 
diagrams of the shape of squares (as in l\5.'3\i ) even when some vertices coincide. 
See for example Corollarv l5.12l 

Example 5.9. Let {Z,r) be a nondegenerate involutive square-free solution with 
at least 7 elements. Suppose where a, 6, c, Xi, X2, X3 G Z, and 

(5 6) " (2^2, a) 

r{a,X2) = {xi,a), r(a, X3) (X3, a), r(6, c) = (c, 6), r(6, a;i) = (2:3, 6) 

Then r(c, X2) = (.T3, c) and there exists some 2:4 G X, distinct from a, b, c, 2:1, 2:2, 2:3, 
such that 

(5.7) r(c, Xl) = (2:4,0), r(6, 2:2) (x4,6), r(a, 2:4) (2:4, a). 

This is indicated in terms of the graph in Figure [3 Furthermore, if {Z, r) has 
exactly 7 elements then (|5.6p determines uniquely the solution {Z,r). It is not 
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difRcult to sec that in addition to (|5.6p . (|5.7|) . {Z,r) satisfies r{xi,Xj) = {xj,Xi), 
for all 1 < «, j < 4. For the left actions we have: 

JC-x, ^ idzA <'i < 4., jC,b ^ ixiX3){x2X4^), Cc = ixiX4){x2X3), Ca ^ ibc){xiX2). 

So the retracts of {Z, r) are: 

Ret{Z,r) = {[xi], [a], [b], [c]}, = {[b][c]), = ^[c] = ^[x^] = id[z] 

Ret^{Z,r) = {[a](2), [6](2)}, the trivial solution i?ei3(Z, r) = {[a] (3)}. 

It follows then that nipl(Z, ?■) 3. 

Example 5.10. The solution from the previous example can be constructed as a 
strong twisted union of disjoint solutions of lower multipermutation levels. Consider 
the trivial solutions (Xi, ri), (X2, r2), where 

Xi ^ {xi,X2,X3,X4}, X2^{b,c}. 

Let {X, rx ) = Xi \]X2 be the strong twisted union defined via the actions 

Cb ^ ixiX3){x2X4), Cc ^ ixiX4){x2X3), Cx, = idx ■ 

We leave the reader to verify that {X,rx) is a solution. The graph V{X,rx) has 
three connected components: two one vertex components, b and c and Fi, with 
V(Fi) = Xi, i?(Fi) = X2- Moreover, Fi is a 'graph of first type', see Definition l5.17l 
below. One has mpl{X,rx) = 2. 

Let (F, ry) be the one element solution, with Y ~ {a}. We will build an extension 
{Z, r) — X\\Y. Since Y is one element solution, the left action on F on X has to 
be via an automorphism. Consider the permutation t = {bc){xiX2) S Sym{X). It 
is easy to see that is an automorphism of {X, rx ) . Now one defines strong twisted 
union {Z,r) = X\\Y via the action Ca = {bc){xiX2)- We obtain again the solution 
of Example 15. 101 Now one has mpl{Z, r) = 3 = ■max{mpl{X), mpl{Y)} + 1. 

Lemma 5.11. Let x,a,b G X, — {xiX2 ■ ■ ■ Xk), where xi = x,k >2, and let 
^x = X21 ^ X. Suppose that the left actions of a and b commute on Fx- Then 

(1) La ^ — (a:2ia^22 • • • X2k) is a cycle of length exactly k. 

(2) If^x = Xm+i for some m,l < m < k — 1, then l^^f = >C^, and — (/^a)™. 

(3) If part (2) does not apply then L% and are two disjoint cycles. 

Proof. We apply Lemma [5?8l to the commuting edges 

Xi 2-^ X2 

b 

X2I 

and obtain the "cell" subgraph of F: 

(5.8) xi — ^X2 

b b 

X2I X22- 

a 
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Now we use this method to recursively build the diagram 
(5.9) xi ^X2 5 ^Xk ^xi- 

b b b b 
X2I ^ X22 ' ^ X2k ^ X21 



It is clear from the first two rows of the diagram that the cycle (represented 
by the second row) has length at most k. Assume that its length q is strictly less 
than k then we obtain from (|5.9p 



(5.10) 



Xi - 

b 

X2I 



- X2 - 

b 

■ X22 



~ Xq - 

b 

■ X2q 



■Xq+l 
b 

- X21 - 



which implies ''xi = X21 and ^Xq^i — X2i. The last is impossible in view of the 

nondcgeneracy of {X,r) and xi ^ Xq^i. We have shown that £a is a cycle of 
length exactly k. 

Assume now ''x — X21 ~ Xm+i, for some m > 1. Then we deduce from (|5.10p the 
following diagram: 



Xl 



b 

Xm+1 - 
b 

X2m+1 
b 



■ X2 



b 

- Xm+2 - 
b 

■ X2m+2 
b 



- Xj-fi~\-l - 
b 

■ X2m+1 
b 

6 



-^Xk — 
b 

~ Xra+k - 
b 

■ X2m+k 
b 



-^Xi — 
b 

~ Xm-\-l - 
b 

■ X2m+1 
b 



Xsm-^-l 



■ Xsm+2 



■ Xsrn-\-k 



■ Xsrn-\-l 



Looking at the first column of the diagram we see that Cf ~ (£jj)™. It follows from 
((5l|) that C'f = Ca""+' = Oi. This proves (1). The rest follows from (1). □ 
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Corollary 5.12. Let x,a,b G X and suppose that the left actions of a and b 
commute on Tx- 

(1) If'x = then Cl^Cl. 

(2) If^i^x) = X then Cf = (-C^)"^- 

Proof. There is nothing to prove if °'x = x. So suppose °-x = X2 ^ x. Let £^ = 
(x\X2 ■ ■ ■ Xk), k >2, where, as usual, we set Xi — x. Suppose "a; = ''x. Then 

Xi 2-^ X2 

b 

X2 

is a subgraph of F. The hypothesis of Lemma rS. Ill part (2) is satisfied (here m = 1). 
Therefore = C^. This proves part (1). Assume now ^{"-x) = x. This imphes that 

Xi 2^ X2 

b 

Xi 

is a subgraph of F. It follows then by Lemma [5?8l that F contains also the following 
subgraph: 

Xi X2 

b b 

Xk ^ Xi . 

a 

Apply Lemma [5T1] part (2) again to obtain = {jC-l)''^^ = (-^^a)"^- (In the 
notation of the Lemma, this time m fc — 1). □ 

Clearly, in the case when = {X1X2) the diagram in the proof of part (2) of the 
corollary becomes simply 

Xi 2-^ X2 

b b 

X2 s- Xi. 

a 

which in the real graph F deforms to xi <°'''> a:2. 

Lemma 5.13. Let a,b,x G X, let — {xiX2 ■ ■ ■ Xk), — {xiy2 ■ ■ ■ TJs), where 
X — xi and s < k. Suppose that the left actions of a and b commute on and 
suppose that the cycles and have at least two common elements, i. e. Xi — yj 
for some i,j=^l. Then Cf = {CD™' , where 1 < m < fc — 1. 

Proof. We claim that ^x € {x2 ■ ■ - Xk}- Assume the contrary, then we have — 
{xiy2i • ■ ■ ypiXm+i • • • )j where p > 1 and ?/2i, • • • , ypi are distinct from X2, • • • , Xk- 
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We want to deduce the vertices of the foUowing subgraph of T: 
(5.11) xi ^X2 s ^a:;i ; 



b 

2/21 
6 



6 

Vpi 



Xra+l 



So starting with z = 2, we apply Lemma [5 .111 to successively deduce the vertices of 
i-ih row, i = 2, 3, • • • . This way we obtain 



(5.12) 



Xi - 

b 

y2i - 

b 
b 

Vpl - 

b 

Xfn+l 
b 



- Xi - 

b 

■y22 
b 



^Vp2 - 
b 

■ Xm+2 
b 




Note first that each row of (|5.12p represents a cycle of length exactly k. Compare 
with (represented by the first column of (|5.12p V The hypothesis of Lemma [5. Ill 
is satisfied but this time we have that — (£^)*p, where qp = 2{modk). Thus 
the lengths of the two cycles k and s satisfy k < s. An equality is impossible, since 
by our assumption the entry 1/21 of does not occur in C^. This yields fc < s, a 
contradiction with the hypothesis. It follows then that — x^+i for some m > 1 
as we claimed. Now Lemma [5.111 again implies = {C^)™. □ 
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Figure 6. Graph of Example 15.161 illustrating Star at each vertex. 



Definition 5.14. Let {X,r) be a nondegenerate involutive square-free solution of 
the YBE, and x & X. The set Star{x) is defined as 

Star(a;) = {C^ \ a G X}. 

Definition 5.15. By r{x) we denote the subgraph of (the complete graph) r{X, r) 
with a set of vertices consisting of all Xj that occur in the cycles of Star(a;), and all 
edges inherited from T(X,r). 

On the set of stars we introduce an equivalence relation w defined as Star (a;) w 
Star(?/) iff the complete graphs T{x) and T{y) are isomorphic (as labeled graphs). 

As before, when we draw the graph T{x) we shall often present it as a simplified 
graph in which if = 'C^, for a ^ b £ X, we only draw it once. In various cases is 
convenient to use even more schematic graph in which for each — {xiX2 ■ ■ ■ Xk) G 
Star(a;) with xi = a; we draw 

X 

• > • r ■ ■ ■ > • 

where each variable occurring in £^ is represented by a • (the last corresponds to 

Xk)- 

Example 5.16. Consider the nondegenerate square-free involutive solution {X,r) 
defined on the set 

X = {xi,X2,X3,a,b,c}, 

via the left actions 

jO-xi = jO.X2 = = idx, Cb = {xiX2X:i), 

Cc = {X1XZX2), Ca = {bc)(x2X'i), 

The graph T{X,r) is presented in figure [6] (a). The graphs of the Stars of all 
elements of X are represented in part (b) . 

We introduce now a particular type of subgraphs Fi we call them graphs of first 
type. 

Definition 5.17. In our usual assumption and notation, let Fi be a connected 
component of F = T{X,r), Xi — V(Fi) be its set of vertices. Fi is a graph of first 
type if it contains a nontrivial edge and for each a, 6 G ^^(ri) the left actions of a 
and b commute on Fi. In other words, if 



^{,''a)\Xi = ^a\Xi, Va,6 G f (Fi). 
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Next we define 

(5.13) Gi = g{r,) := gr{Ca\x,;ae £{r,)). 

Lemma 5.18. Let Ti be a nontrivial connected component ofT{X,r) with a set of 
labels £i = f (Fi). Then Ti is a graph of first type iff 

'C(a^)|ri = -CaiTi Va,a; G Sq. 

Proof. The iemma foiiows from Definition 15. 171 tfie cyclic conditions and Iri. □ 

Note tfiat since {X, r) is a solution, condition 11 hods and can be written as 

Ca o Cb — Caf, o Cab Va, b £ X. 

It follows then from Definition 1 5 . 1 71 that the group Q(ri) is an abelian subgroup of 
Sym{Xi). We recall the following fact about finite abelian groups. 

Fact 5.19. Basis Theorem\Sc, Ch. 2] Let G be a finitely generated abelian group. 
If s is the least integer such that G is generated by s elements, then G is the direct 
sum ( in abelian notation ) of s cyclic subgroups. 

Remark 5.20. Note that, in general, the presentation of a finite abelian group G 
as a direct product of cyclic subgroups is not an invariant of the group, it becomes 
invariant if one considers only direct products of cyclic subgroups of prime power 
order. (For example one has G = Zg = Z2 x Z3, here s(G) = 1 ). 

However, the least number s = s{G) of a generating set of a finite group is well 
determined, and we shall use it to introduce the notion of basis of labels for Fi. 

It follows by Fact 15.191 that the group Qi = QiXi) is the direct product of cyclic 
subgroups: 

(5.14) Gi - {Ca,\x,) X {Ca,\x,) X • • • X (£,^|xj, 

where s — s(Fi) is the least integer such that Qi is generated by s elements. Note 
that s is also an invariant of Fi. 

Definition 5.21. A set of labels B = {ai, ■ . . ,as} C £{Ti) is a basis of of labels 
for Fi if (|5.14p holds and s is the least number of a generating set of Qi. 

For computations it is convenient to use the arrows in Fi labeled by a^, 1 < i < s 
as "axes" of an s-dimensional discrete "coordinate system". Let ki = k{ai) as in 
Theorem 15.221 part (4). We can chose an arbitrary vertex x of Fi as an "origin". It 
has coordinates x — (0 ... 0) . Then each vertex y G Xi has s "coordinates" which 
we define as follows. 

CaAoo---o) = (10- --o), CaAoo---o) = (oi---o), ••• , CaAoo---o) = (OO ■■■!). 

Clearly, every vertex y of Fi can be obtained by applying a finite sequence of left 
actions: 

(5.15) y = (£,J"i o(/:,J"^ o...o(/:,J™=((0.--0)) = {m,m2---ms), 
where < TOj < fc^. 

We will now give a detailed description of the shape of a graph of first type. 
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Theorem 5.22. Let {X, r) be a finite nondegenerate square-free symmetric set 
and suppose the connected component Ti of T{X, r) is a graph of first type. Let 
Xi — V(ri), and Qi — Q{Ti), as in h5.1S\) . Then the following conditions hold. 

(1) // the nontrivial edge x-^y, x ^ y occurs in Ti then for every vertex 
z mV(ri) there is an edge z-^t,z ^t£ V(ri). 

(2) Xi is r -invariant, and {Xi,ri) with ri = r^XixXi trivial solution. 

(3) Each a £ X acts on Xi as an automorphism, and Qi = ^(ri) is a normal 
subgroup of Aut{Xi,ri). 

(4) For every a G £{Ti), there exists an integer k = k{a,Vi), which is an 
invariant of a and Ti such that for every vertex x £ Xi the cycle is of 
length k. Moreover 

^a\Xi = (xi • • • Xk){yi ■■■yk)---{zi--- Zk), 

where each vertex of Ti occurs exactly once and the product contains all 
disjoint cycles with edges labeled a. 

(5) All vertices Xi, • • ■ , a; at G Xi have equivalent stars, Star{xi) « Star{xi), 1 < 
i < N. 

(6) Let B ~ {fli, • ■ • , Qs} be a basis of labels for Fi, and let ki = k{ai, Fi), 1 < 
i < s, as in^ Then Fi is a "multi- dimensional cube" of dimension s, 
and the order of Xi (i.e. the size of the cube) is exactly the product N = 
kik2 - ■ - ks. 

Proof. We start with part ([T]). By hypothesis Fi is a connected component of F, and 
ah its edges commute. Then it follows from Lemma ISTSl that for any "neighbour" z 
of X, {z — y is also possible) with 



b 

z 

Fi contains the subgraph: 

(5.16) x—^y 

b b 



Furthermore, by Lemma 15.81 part (3), x ^ y implies z ^ t, which verifies ([T]). 

([2|). Xi is the set of vertices of a connected component of F(X, r), so by Lemma [5^ 
it is r-invariant. Let ri = r|XixXi7 '^s will show that {X,ri) is a trivial solution, 
that is r{x, y) — {y, x), for all x,y d Xi. In view of Iri this is equivalent to ^x — x, 
for all x,y (z Xi. Assume the contrary, there exist x,y Xi, such that ^x ^ x. 
Then Fi contains the nontrivial edge x-^S.. This by ([1]) implies that every vertex 
z e Xi has an edge z-^t,t ^ z. In particular y— C 7^ J/i which is impossible, 
since (X, r) is a square-free solution, thus ^x = y, \/x, y E X. This implies 

The lemma below proves part ([3]) and will be needed also for the proof of other 
statements in the sequel. It remains to prove the last three items of the theorem. 
Suppose X e Xi,a, b £ S{Ti), then by Lemma lB.lll the cycles £^ and C^^^ are of the 
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same length, say k. This and part ([T]) of the theorem imply that for every vertex 
z e Xi the cycle has length k which proves (g]). Clearly, ^ and (g]) =^ (O =^ 
®. □ 



Lemma 5.23. Under the hypothesis of Theorem 1 5. 2'A 

(1) T/ie following equalities hold: 

""x^^x^^^x Wx.y e Xi, andya e X. 

(2) Each a G X acts on Xi as an automorphism, and Gi^i) is a normal sub- 
group of Aut (Xi , r 1 ) . 



Proof. Suppose x,y G Xi,a G X. We use part ^ of the theorem and 11 on {X, r) 
to obtain 

This imply ""a; = "a;, for every x,y G Xi, and a G X, which verifies the left hand 
side of the equality of part From there, using Iri and the non-degeneracy of r 
one easily deduces the righthand side of the required equality. 

It follows from part ([T|) and Lemma 12.71 that 

Ca\ri e Aut{Xi,ri),\/a e X 

thus G(ri) is a subgroup of Aut{Xi,ri). Now Lemma [2.31 and the equality (|2.ip 
imply that ^(Li) is a normal subgroup of Aut(Xi, ri). The lemma has been proved, 
which also completes the proof of the theorem. □ 

Theorem 5.24. Let (X, r) be a finite nondegenerate square-free symmetric set 
of order > 2, G ^ G{X,r),g = Q{X,r), F = F(X,r), Aut(X,r) m the usual 
notation. Let Fi,F2, • • • ,Fs be all connected components, and Xi — V(Fi), 1 <i < 
s, respectively, be their sets of vertices. The following conditions are equivalent. 

(1) {X,r) is multipermutation solution with mpl{X,r) — 2. 

(2) Q{X,r) is an abelian group of order > 2. 

(3) {idx} 7^ G{X,r) is a subgroup of the automorphism group Aut{X,r). 

(4) The set of nontrivial components is nonempty. Suppose these are Fi, F2, • • ■ , F. 
with 1 < p < s. Every nontrivial connected component Ti is a graph of first 
type. Furthermore, in this case, for each pair i,j,l < i, j < s and each 
a,b G Xj one has Ca\Xi = i^b\Xi- 

(5) {X,r) can be split into disjoint r-invariant subsets Xi,l < i < s, where 
each (Xi,r\Xi) is a trivial solution and X = Xi\\X2^ ■ ■ ■ tj^s, in the sense 
that we can put parentheses and "apply" \\ in any order. In particular, for 
any pair i,j r induces Xi\]Xj and 

(5.17) X^XM U X,) 

Proof. We shall show that 

(II|)^(I21)-^®and(IlD«=^gl)=^(l5])=^@. 
Under the hypothesis of the theorem we start with the following easy lemma. 
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Lemma 5.25. The following conditions are equivalent. 

(i) mpl{X,r) = 2 

(a) mpl{Ret{X,r)) = 1, 

(Hi) Ret{X,r) — ([X],r[x]) is the trivial solution. 

(iv) [^l[a] — pa] = [a], for all a,x £ X 

(v) There is an equality: 

(5.18) C-a^La Vx,aeX 

(vi) There are equalities 

(5.19) Ca^Ca^Ca^, Vx, fl S X 

Proof. It follows from Definition 13.51 and Lemma [3?8l that (i) (ii). Lemma [3. 101 
gives the equivalence (ii) (iii). For (iii) (vi), the condition that the retract 
{[X], r^x]) is the trivial solution, implies that each pair x, a G X satisfies 

W[a] = [^a] = [a] = [ap = [a^] 

These equalities, "translated" in terms of the left actions give (j5.19p . (iii) <;=^> (iv) 
follows from Definition 13.21 and Lemma [3.101 again. By Definition 13 . 1 1 the equality 
(|5.18p is just expression of pa] — [a] in terms of the left action, thus (iv) <S=> 
(v). □ 



We continue with the proof of the theorem. ([T]) =4> 0. Suppose mplX = 2. Recall 
that Q{X, r) is the subgroup of Sym{X) generated by the permutations Ca, a E X. 
By Lemma [5.251 the equalities (|5.19p are in force, so we yield: 

Ca o Cb Cat, o C^, o Ca, ya,beX 

Thus Q{X,r) is an abelian group. The following implications are clear 

The implications (|5.18p ■<=> Q follow from Lemma [2?7l and together with Lemma 
[OSlyield ([1]) ^ @. 

(m <^=> dU. Suppose ^ holds. Then Q{X,r) ^ idx, so there is a nontrivial 
connected component of F. In addition by (|5.18p each such a component F^ is a 
graph of first type. 

Lemma 5.26. @ =^ (fO^ . 

Proof. Suppose ^ holds and assume the contrary, there exist a pair a,x € X, such 
that jOa: d ^ 'Sa- 
lience there exist a t, for which 
(5.20) ^ "t. 

Clearly, then the connected component Ft which contains t is nontrivial. Denote 
by Xo the set of vertices of Ft, the set of labels we denote by Sq — f (Ft). By our 
assumption Ft is a graph of first type, and therefore all its edges commute, so at 
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least one of a and x is not in Sq. Suppose a is not in Sq. Then "■t ^""t = t, implies 
that 

(5.21) ^aefo- 

Two cases are possible, a) a; G £q. Then, since Ft is a graph of first type, C^a and 
Cx commute on Ft. Now the equalities 

(5-22j ^(-a|ri) = ^((-a)-|ri) = l~a\V^ 

give a contradiction with (|5.20p . b) x is not in £oj so = i, and ^(°t) = "i. By 11 
one has ^("i) = so (jOO)) imply (^"^t ^ t. Thus a:" G fo, and by 

Lemma [5. 181 one has 

(r oo\ r by Lcmma lo. 181 r r 
(O-^Oj '^(==a|ri) - '^((.a)-"|ri) = -^a|ri- 

For the right hand side of (|5.23p we used the following equalities which come from 
the cyclic condition cll, see Definition 11.81 and Iri: 

This way ()5.23|) gives a contradiction with ()5.20p . It follows then that a G £o- Next 
()5.20p implies that x is not in Eq , so it commutes with every element of Xq and in 
particular with Hence one has 

and therefore G £o- It follows then that 

r n by cll r 

l-a\V^ - 'L((-"a)|ri) - -i-C-alri)- 

(Remind that due to cll one has ^ a = ^a, which was used in the right hand side 
of the above equality). It follows than that (|5.20p is impossible. We have shown 
that for each a, a; G X one has da = C^a- This proves the lemma □ 

It follows from Lemmas [5?25] and [5?26l that ([ill =^ ^ 

Next we show (U)) =^ ([5]). So, assume now ^ and consider the sets Xi, \ <i < s. 
By Theorem 15.221 (X^, r^) is a trivial solution of order > 2 for all z, 1 < i < p and 
(in case that p < s) it is one element solution for z,p+l<i<s. by Lemma 15.261 
the equalities (|5.18p hold, and it is easy to see that (j5.18p implies ([5]). 

Conversely, suppose ([5]) holds. Let a G X. Then there exist unique z, 1 < i < s such 
that a G Xj. It follows then from (|5.17p that La acts on X\Xi as an automorphism. 
Note that since Xi is the trivial solution, or one element solution thus in both cases 
one has La\Xi = idxi, which clearly implies Ca = Ca\x\Xi- It follows then that 
Ca G Aut{X,r). We have shown ^ => The theorem has been proved. □ 

Proposition 5.27. Let {X,r) be a nondegenerate square-free symmetric set. Let 
Fi, F2, • ■ ■ , Fs be all connected components, and Xi = V(Fi), 1 < « < s, respectively, 
be their sets of vertices. Suppose mpl{X,r) = 3. Then for each i, 1 < i < s,, 
{Xi,ri) with Ti = r^Xi-xXi is a multipermutation solutions of level mpl{Xi) < 2. 
Firthermore, for each pair i ^ j,l < i, j < s, one has Xi^Xj. 

Proof. Proposition 15.61 implies that for each i, 1 < « < s and each x £ Xi one has 
Xi C 0{x,2), and therefore mpl{Xi,ri) < 2. 
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Chose now an arbitrary pair i j,l < i, j < s. We claim that Xi\\Xj. It will be 
enough to show 

(5.24) °'\ = °'x ^''a = '^a yx,y e X^,a, /S e Xj. 

Let x,y ^ Xi, a ^ Xj. Then ~ a^, so 

which proves the left hand side equality of (|5.24p . Similar argument verifies the 
remaining equality in (|5.24p . □ 



We will illustrate our theory on Examples 12.51 and 12.81 To begin with, it fol- 
lows straightforwardly from the definition of {X, r) in these examples that for 
Ret{X,r) = ([X],r[x]) one has [X] = {[xi], [b], [c]}, and r^x]) the trivial solution. 
Therefore mpl{X) = 2. Moreover, Z = X\\{a}, where Ca = Cb o Cc ^ Aut{X,r). 
We leave the reader to verify mpl(Z, rz) = 3. 

Clearly the graph T{Z, rz) is obtained by adding to T{X, r) a new vertex and two 
new edges labeled by a. 

Next we shall describe the group Aut{Z,rz). Each automorphism ip G Aut{Z,rz) 
is a product cp = ifi'ip" where (p' G Sym(a, b, c), Lp" G Sym(xi, a;2, xs, 2:4). We claim 
that ip> is uniquely determined by the data (1^9', ip" {xi)). Indeed, knowing the image 
ip"{xi), one apphes the equalities 

ipo Ca^ jC^{a) ° <y5, ip o Cb ^ C^(^b) ° (p o Cc ^ C^(c) ° V- 

to find Lp[xi),2 < i < 4. We can then tabulate the automorphisms with row cor- 
responding to Lp' G and column corresponding to the value of Lp"{xi)^ which in 
all except the last row (where we use a different notation) this value supplies the 
index used. For simplicity we write 1, 2, • • • instead oi xi,X2, ■ ■ ■ ■ Then the full list 
of automorphisms is: 

Ti = (&c)(23), T2 - (6c)(1243), T3 = (&c)(1342), T4 = {bc){U) 
TTi = (a5c) (234), TTa = (a6c) (124), TTg = (a6c)(132), 714 = (afec)(143) 
771 = (acfe)(243), ?72 = (ac5)(123), 773 = (acfe)(134), 774 = (ac6)(142) 
pi = (a5)(24), p2 - (6c) (1234), pa - (a6)(13), p^ - (a6)(1432) 
CTi = (ac) (34), (72 = (ac) (12), (73 = (ac) (1324), CT4 = (ac) (1423) 
idz^i), £6 = (12)(34), -(13)(24) = (14)(23). 

For example, 1:2 corresponds to the data {'n2\{abc} — (a^c), 7r2(xi) = 2:2). We will 
do the first step of the "search" for the missing information to see how this was 
obtained. 

112 O Cb{xi) = C^^(b) o 7r2(xi), ■n2{x2) = Cc{x2) = Xi 

so 7r2 acts as xi ^ X2 ^ x^. Similar computation with 1:2 ° Ca{xi) shows that 
'^2{x4) — xi. Hence 1^2 = {abc){xiX2X4) . Note that the 77 row consists of the inverses 
of the TT row. In the same way one obtains the rest of the table. This list was 
illustrated in Figured 

We claim that Aut{Z,rz) is isomorphic to the symmetric group 5*4. Indeed, we 
know that S4 is generated by {(1234), (12)}. Direct computation shows that the 
assignment 

(1234) — * (a6)(1234) = p2, (12) — > (ac)(12) = a2 
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extends to an isomorphism of groups S4 — > Aut{X, r). 

The computation of Aut{X, r) as a set is done analogously, and the relations show 
directly that there is a group isomorphism Aut{X, r) w D4. Clearly, Aut{X, r) is a 
subgroup of Aut{Z,rz) as expected. 

References 

[AS] Artin, M. and Schelter, W., Graded algebras of global dimension 3, Adv. Math. 66 (1987), 
171-216. 

[Dri] Drinfeld, V., On some unsolved problems in quantum group theory, Lecture Notes in 
Mathematics 1510 (1992), 1-8. 

[ESS] Etingof, p., Schedler, T. and Soloviev, A., Set- theoretical solutions to the quantum 
Yang-Baxter equation, Duke Math. J. 100 (1999), 169-209. 

[GI94] Gateva-Ivanova, T., Noetherian properties of skew polynomial rings with binomial rela- 
tions. Trans. Amer. Math. Soc. 343 (1994), 203-219. 

[GI96-1] Gateva-Ivanova, T., Skew polynomial rings with binomial relations, J. Algebra 185 
(1996), 710-753. 

[GI96-2] Gateva-Ivanova, T., Regularity of the skew polynomial rings with binomial relations. 
Preprint (1996). 

[GIOO] Gateva-Ivanova, T., Set theoretic solutions of the Yang-Baxter equation. Mathematics 
and education in Mathematics, Proc. of the Twenty Ninth Spring Conference of the Union of 
Bulgarian Mathematicians, Lovetch (2000), 107-117. 

[GI04] T. Gateva-Ivanova, Quantum binomial algebras, Artin- Schelter regular rings, and solu- 
tions of the Yang-Baxter equations, Serdica Math. J. 30 (2004), 431-470. 

[GI] Gateva-Ivanova, T., A combinatorial approach to the set-theoretic solutions of the Yang- 
Baxter equation, J.Math.Phys., 45 (2004), 3828-3858. 

[GIM] T. Gateva-Ivanova, T. and S. Majid, Matched pairs approach to set theoretic solutions 
of the Yang-Baxter equation, larXiv:math.QA/0507394 revised 12/06. 

[GB] Gateva-Ivanova, T. and Van den Bergh, M., Semigroups of I-type, J. Algebra 206 
(1998), 97-112. 

[GJO] Gateva-Ivanova, T., Jespers, E. and Okninski, J., Quadratic algebras of skew poly- 
nomial type and underlying semigroups, arXiv:math.RA/0210217 vl; J. Algebra, 270 (2003), 
635-659. 

[JO] Jespers, E. and Okninski, J., Binomial Semigroups, J. Algebra 202 (1998), 250-275. 
[LYZ] Lu, J., Yan, M. and Zhu, Y., On the set-theoretical Yang-Baxter equation, Duke Math. 
J. 104 (2000), 1-18. 

[MOO] Ma,iid, S., Matched pairs of Lie groups associated to solutions of the Yang-Baxter equa- 
tions. Pac. J. Math., 141 (1990) 311-332. 

[M02] Majid, S., A Quantum Groups Primer, L.M.S. Lect. Notes 292 (2002) 179pp. 

[M] Manin, Yu., Quantum Groups and Non Commutative Geometry Montreal University Report 
No. CRM- 1561, 1988 

[R] Rump, W., A decomposition theorem for square-free unitary solutions of the quantum Yang- 
Baxter equation. Advances in Mathematics, 193 (2005), 40—55. 

[Sc] SCHENKMAN, E., Group Theory, Robert E. Krieger Publishing Company, Huntington, New 
York (1975). 

[T] TakeuCHI, M., Survey on matched pairs of groups. An elementary approach to the ESS-LYZ 

theory, Banach Center Publ. 61 (2003), 305-331. 
[Wei] Weinstein, P. and Xu, P., Classical solutions of the quantum Yang-Baxter equation. 

Comm. Math. Phys. 148 (1992), 309-343. 

TGI: Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Sofia 
1113, Bulgaria, S.M: Queen Mary, University of London, School of Mathematics, Mile 
End Rd, London El 4NS, UK 



E-mail address: tatianagatevaOyahoo . com, tatyanaOaubg.bg, s . maj idOqmul . ac . uk 



